We investigate the linear growth rate of cosmological matter density perturbations in a viable f (R) model both numerically and analytically. We find that the growth rate in the scalar-tensor regime can be characterized by a simple analytic formula. We also investigate a prospect of constraining the Compton wavelength scale of the f (R) model with a future weak lensing survey.
where G is the gravitational constant, and L (m) is the matter Lagrangian density. We consider the viable models, proposed in Refs. [63] [64] [65] [66] [67] . The viable models have an asymptotic formula at the late-time Universe (R ≫ R c ), which can be written as
which is useful to find an approximate solution, as we see in the next section.
III. GROWTH OF DENSITY PERTURBATIONS IN f (R) MODEL
In this section, we investigate the evolution of matter density perturbations in the f (R) model. In Sec. III A, we consider the scalar-tensor regime, k/a ≫ m, in which the wavelength is shorter than the Compton wavelength. In Sec. III B, we consider the general-relativity regime, k/a ≪ m, in which the wavelength is larger than the Compton wavelength.
A. scalar-tensor regime
In the scalar-tensor regime, k/a ≫ m, the effective gravitational constant becomes G eff = 4G/3. In this case, we find that Eq. (14) has the solution expressed in the form [86] f (a, k) = f 0 Ω m (a) γ(a) ,
where f 0 obeys f 2 0 + f 0 /2 = 2, therefore f 0 = (−1 + √ 33)/4, and
where ζ ℓ is the expansion coefficients. The first few terms of γ(a) are
This can be generalized to the case when G eff /G(= ξ) is a constant value, in which the solution of Eq. (11) has the same formula as that of (15) 
Here we assume that G eff /G(= ξ) is constant, but we utilize this formula by replacing ξ with the right-hand-side of Eq. (5). (11) numerically, for K(= k/kC ) = 10 2 , 10, and 1, respectively, from the top to the bottom. The long dashed curve, the dotted curve and the short dashed curve adopt the approximate formula, for K(= k/kC ) = 10 2 , 10, and 1, respectively, from the top to the bottom. Right panel: The growth index γ(a, k) as a function of z(= 1/a − 1), corresponding to the left panel. The parameter of the curves is the same as that of the left panel. The curves correspond to K(= k/kC ) = 10 2 and 10, 1 respectively, from the bottom to the top.
The left panel of Fig. 1 shows the growth rate f (a, k) as a function of the redshift z(= 1/a − 1). Here we adopted n = 1. The solid curves are obtained by solving Eq. (11) numerically, for K(= k/k C ) = 10 2 , 10, 1, from the top to the bottom, respectively. Here we assumed the background expansion of the Universe is the ΛCDM model with Ω 0 = 0.28. The dot-dashed curve, the dotted curve, and the short dashed curve are the approximate formula up to 1st order of (1 − Ω m (a)), for the wavenumber K(= k/k C ) = 10 2 , 10, 1, respectively. In the computation of the approximate formula, we adopted the right-hand-side of Eq. (5) as ξ. One can see that the approximate solution approaches the exact solution at the late time of the redshift.
Following the previous works (e.g., see [53] ), the growth index γ(a, k) is introduced by
which is related with γ(a, k) by
The behavior of the growth index γ(a, k) in the scalar-tensor regime is well approximated by Eq. (20) , as is demonstrated in the right panel of Fig. 1 , which plots γ(a, k) as a function of the redshift z, for the wavenumber K(= k/k C ) = 10 2 , 10, 1, from the bottom to the top, respectively. The solid curves are obtained by solving Eqs. (11) and (19) numerically, for K(= k/k C ) = 10 2 , 10, 1, from the bottom to the top, respectively. The dotdashed curve, the dotted curve, and the short dashed curve are the approximate solution of γ(a, k) and (20) , for K(= k/k C ) = 10 2 , 10, 1, respectively. One can see that the approximate solution approaches the exact solution at the late time of the redshift, however, the validity is limited to the late time of the small redshift.
Let us discuss the valid region of the approximate solution. The left panel of Fig. 2 plots the redshift z x as a function of K(= k/k C ) for n = 1/2, 1, 2, 3, 4, and 5, respectively, from the top to the bottom, where z x is defined by the redshift when the difference of the growth rate becomes f (appr) − f (exac) = 0.03. Here f (exac) is the exact solution obtained by solving Eq. (11) numerically, while f (appr) is the approximate solution. Thus, the approximate solution of the growth rate approaches the exact solution after the redshift z x , which depends on k/k C as well as n. As n is larger or k/k C is smaller, z x becomes smaller. For the case n ≥ 4 and smaller value of k/k C , we have no solution of z x . The above behavior is related with the transition redshift z c , when the scalar-tensor regime starts, which we defined by k(1 + z c ) = m, i.e.,
The right panel of Fig. 2 plots z c as function of K(= k/k C ) for n = 1/2, 1, 2, 3, 4, 5, respectively, from the top to the bottom. Figure 2 shows z x < z c . Thus the approximate formula approaches the exact solution after the scalar-tensor regime starts. For the model with larger value of n, the Compton scale evolves rapidly. Then, the transition redshift z c becomes small as n becomes large. For the smaller value of K(= k/k C ), the transition redshift z c becomes smaller. This is the reason why z x is smaller, as n is larger or k/k C is smaller. Therefore, for the case when n is large and k/k C is smaller, the redshift when the approximate formula starts to work becomes later. For the case n < ∼ 2, the late-time behavior of the growth rate can be approximated by the approximate formula as long as K > ∼ 1. We here mention the relation between the parameter k C and the parameter f R0 adopted in Refs. [64, 87] , in which the case n = 1/2 is investigated. In this case,
The scalar-tensor regime appears rather earlier in this model, as shown in Fig. 2 .
B. general-relativity regime
In this subsection, we consider the growth rate of density perturbations at the early time epoch of the Universe, a ≪ 1, adopting the approximation,
which yields the simple form of the effective gravitational constant
where
As mentioned in the previous section, 3f RR has the meaning of the square of the Compton wavelength. Thus this model can be regarded as the model that the Compton wavelength simply evolves as 1/m = a 3N/2+1 /k 0 . In the case when N is a positive integer, we derive an approximate solution of Eq. (11) in an analytic manner. With the use of (19) , one can rewrite Eq. (14) as
In a straightforward manner, we find the solution for γ(a, k) expanded in terms of 1 − Ω m (a), as follows.
where ζ ℓ (a, k) is the expansion coefficient. For example, for N = 1, we find
for N = 2,
for N = 3,
for N = 4, respectively. Figure 3 demonstrates the validity of the approximate formulas, by plotting the relative difference between the exact solution f and the approximate solution Ω γ m as a function of the redshift. The four panels assume N = 1, 2, 3, 4, respectively. In each panel, the cases of the wavenumber K(= k/k C ) = 1, 0.1, 0.01, are plotted. The solid curve, the dotted curve and the dashed curve correspond to K = 1, 0.1, 0.01, respectively. For N = 1, we used the approximate formula (28) up to the 1st order of (1 − Ω m (a)). For N = 2, we used the approximate formula (29) up to the 2nd order of (1 − Ω m (a)). For N = 3, we used the approximate formula (30) up to the 2nd order of (1 − Ω m (a)). For N = 4, we used the approximate formula (31) up to the 3rd order of (1 − Ω m (a)). Even if we adopted higher order term of (28)∼(31), the approximate formula only slightly improves the accuracy for K = 1. The approximate formula is valid for K < ∼ 0.1. 
IV. CONSTRAINT ON f (R) MODEL FROM WEAK LENSING SURVEY
Cosmological constraints on the f (R) model have been investigated in Refs. [64, [87] [88] [89] . The weak lensing statistics is useful to obtain a constraint on the growth history of cosmological density perturbations observationally. We now consider a prospect of constraining the f (R) model with a future large survey of the weak lensing. To this end, we adopt the Fisher matrix analysis, which is frequently used for estimating minimal attainable constraint on the model parameters. To be self-contained, we summarized the fisher matrix analysis in the Appendix (see also [19] , and the references therein). Here we focus on the constraint on the Compton wavenumber parameter k C defined by Eq. (8) or (9) . In this analysis, we obtained the growth rate and the growth factor by numerically solving Eq. (11) and
without using the approximate formula. We briefly review how the signal of the weak lensing reflects the modification of the gravity in the f (R) model. In the Newtonian gauge, the metric perturbations of the Universe can be describe by the curvature perturbation Φ and the potential perturbation Ψ,
In the f (R) model, the relations between the two metric potentials and the matter density perturbations are altered. In the subhorizon limit, the f (R) model yields (e.g., [90] and references therein) with
where we used |f R | ≪ 1 and Rf RR ≪ 1. Equation (34) is the modified Poisson equation. In general relativity, µ = ν = 1. With Eqs. (34) and (35), we have
Thus, this relation between Φ − Ψ and δ is the same as that of the general relativity. The signal of the weak lensing is determined by Φ − Ψ along the path of a light ray. Therefore, we only consider the effect of the modified gravity on the matter density perturbations of Eq. (4) for elaborating the weak lensing statistics. In the present paper, the modified gravity of the f (R) model is supposed to be characterized by n and k C (or λ). We perform the Fisher matrix analysis with the 9 parameters, n, λ(or k C ), w 0 , w a , Ω 0 , Ω b , h, A, and n s , where Ω b is the baryon density parameter, n s is the initial spectral index, A is the amplitude of power spectrum. w 0 and w a characterize the background expansion history and the distance-redshift relation [see Eq. (A4)]. In the f (R) model, the background expansion is consistently determined by the action (1) once the form of f (R) is specified. In the present paper, without specifying the explicit form of f (R), we only adopted Eq. (2) in an asymptotic region. And we assumed the ΛCDM model as the background expansion of the Universe in the previous section. But we here consider possible uncertainties of the background expansion, by including the parameters w 0 and w a . However, as will be shown in the below, the inclusion of the parameters w 0 and w a does not alter our result at the qualitative level.
In the Fisher matrix analysis, we assume the galaxy sample of a survey with the number density N g = 35 per arcmin.
2 , the mean redshift z m = 0.9, and the total survey area, ∆A = 2 × 10 4 square degrees. We also assumed the tomography with 4 redshift bins (see also Appendix). Figure 4 is the result of the Fisher matrix analysis of the 9 parameters, n, λ, w 0 , w a , Ω 0 , Ω b , h, A, and n s . Figure 4 plots the 1-sigma contour in the n − λ plane, which is obtained by marginalizing the Fisher matrix over the other 7 parameters. The target values of n and λ are shown in the panels. The other target parameters are w 0 = −1, w a = 0, Ω 0 = 0.28, Ω b = 0.044, h = 0.7, n s = 0.95, and A which is set so that σ 8 = 0.8. We take into account the Planck prior constraint of the expected errors ∆w 0 = 0.6, ∆w a = 1.9, ∆Ω 0 = 0.01, ∆Ω b = 0.0014, ∆h = 0.01, ∆σ 8 = 0.1 and ∆n s = 0.014 [91] . The left panel shows the result using the linear theory for the matter power spectrum of the range, 10 ≤ l ≤ 10 3 . The right panel is the result with the nonlinear matter power spectrum of the range, 10 ≤ l ≤ 3 × 10 3 . In this figure, the solid curve corresponds to k C = 0.2 hMpc −1 , which was defined as the boundary between the general-relativity regime and the dispersion regime in the reference [67] . Figure 5 is similar to Fig. 4 , but the 1-sigma contour in the k C − n plane. We assumed the target modes k C = 0.1hMpc −1 and n = 5, 4, 3, 2, 1, and 1/2, from the larger circle to smaller one, respectively. The other parameters are the same as those of Fig. 4 . Figure 6 shows the 1-sigma error on k C as a function of the target value of k C , where the other parameters are marginalized over. The left panels are the linear theory, while the right panels are the nonlinear model. The upper panels are the result of the Fisher matrix of the 9 parameters n, k C , w 0 , w a , Ω 0 , Ω b , h, A, and n s . Then, the 1-sigma error ∆k C is evaluated by marginalizing the Fisher matrix over the 8 parameters n, w 0 , w a , Ω 0 , Ω b , h, A, and n s . The error of k C is the same order of k C for the cases n = 1/2 and 1, but the error becomes larger as n becomes larger. The lower panels are the result of the Fisher matrix of the 7 parameters, k C , n, Ω 0 , Ω b , h, A, and n s , with fixing the background expansion to be that of the ΛCDM model. Thus, the inclusion of the parameters w 0 and w a does not alter the result qualitatively.
Figures 4-6 show that the difference between the linear modeling and the nonlinear modeling is not very significant. We adopted the Peacock and Dodds formula [92] for the nonlinear modeling of the matter power spectrum, while the formula by Smith et al. [93] has been used frequently [23, [94] [95] [96] [97] . However, the choice of the nonlinear formula doesn't alter our conclusion qualitatively. We have not taken the nonlinear effect from the Chameleon mechanism into account. The nonlinear modeling for the f (R) model has not been studied well for the general case of n. The effect of the nonlinear modeling might need further investigations.
V. SUMMARY AND CONCLUSIONS
In the present paper, we have investigated the linear growth rate of cosmological matter density perturbations in the viable f (R) model both numerically and analytically. We found that the growth rate in the scalar-tensor regime can be characterized by a simple analytic formula (15) . This is useful to understand the characteristic behavior of the growth index in the scalar-tensor regime. We also investigate a prospect of constraining the Compton wavelength scale of the f (R) model with a future weak lensing survey. This result shows that a constraint on k C of the same order of k C will be obtained for the model n = 1 and n = 1/2, though the constraint is weaker as n is larger. For k C > ∼ 1hMpc −1 , the constraint is very weak. This is because the weak lensing statistics is not very sensitive to the density perturbations on the smaller scales.
Finally we mention about the effect of the late-time evolution of matter density perturbations in the f (R) model on the spectral index. This effect causes the additional spectral index, which is evaluated by ∆n
The analytic formula of the additional spectral index is given by Starobinsky [63] (see also [66, 81] ), ∆n s = ( √ 33 − 5)/(6n + 4), which yields ∆n s = 0.11, 0.074, 0.047, 0.034, 0.027, and 0.022, for n = 1/2, 1, 2, 3, 4, and 5, respectively. Figure 7 plots our numerical result of ∆n s as a function of k assuming k C = 0.1hMpc −1 . The numerical result approaches the analytic result at k ≫ k C , but one can see the bump around the wavenumber k C , depending on n. Possibility of detecting of the spectral shape is interesting, but is out of the scope of this paper. . In each panel, the curves assume the target parameter n = 5, 4, 3, 2, 1, and 1/2, from the top to the bottom, respectively. The other target parameters are the same as those of Fig. 4 . The upper panels are the result of the 9 parameters, kC, n, w0, wa, Ω0, Ω b , h, A, and ns. The lower panels are the result of the 7 parameters, kC, n, Ω0, Ω b , h, A, and ns, where the background expansion is fixed as that of the ΛCDM model.
FIG. 7:
The additional spectral index ∆ns as a function of wavenumber k(hMpc −1 ). Here we adopted kC = 0.1hMpc −1 . The curves assume n = 1/2, 1, 2, 3, 4, and 5, from the top to the bottom, respectively.
where P Φ−Ψ (k, z) is the power spectrum of Φ − Ψ, χ is the comoving distance, W i (z) is the weight factor of the i-th redshift bin,
where dN/dz(z) denotes the differential number count of galaxies with respect to redshift per unit solid angle, and
is the total number of galaxies in the i-th redshift bin. From Eq. (38), Eq. (A1) is written as
where P mass (k, z) is the matter power spectrum, for which we adopted the Peacock and Dodds formula [92] for the nonlinear modeling. This expression (A3) is familiar as the weak shear power spectrum, but the modification of the gravity is involved in the evolution of the matter power spectrum P mass (k, z).
In the present paper, we adopt the comoving distance
which includes w 0 and w a , the parameters of the equation of state of the dark energy w(z) = w 0 + w a (1 − a). As mentioned in Sec. IV, the background expansion of the f (R) model is specified once the form of f (R) is given. The f (R) model, in the present paper, only assumes the form in an asymptotic region. Taking possible uncertainties of the background expansion, we include w 0 and w a in the Fisher matrix analysis. However, this inclusion does not alter our result. The fisher matrix is estimated as
where θ α is a parameter of the theoretical modeling, and the covariance matrix is Cov (ij)(mn) (l) = 1 (2l + 1)∆lf sky P obs (im) (l)P 
